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Simplified Model of a Continuous Wave Diffusion-Type
Chemical Laser — An Extension
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The simplified two-vibrational-level model of a cw diffusion-type chemical laser presented by Mirels,
Hofland, and King is extended to include multiple vibrational levels. Both laminar and turbulent diffusion are
considered. Expressions for axial gain distribution and net output power from a Fabry-Perot optical resonator
are deduced. For a given lasing species, the resulting cw chemical laser scaling laws are the same as those
previously deduced by Mirels, Hofland, and King, except for the dependence of certain coefficients on
rotational quantum number J and temperature 7. Broadwell previously presented a multiple-vibrational-level
model for a cw chemical laser that was limited, however, to turbulent diffusion. The flame-sheet-mixing model
used in the present study is shown to give results that are identical with those from the scheduled-mixing model

of Broadwell when mean chemical rates are used.

Nomenclature

— e~ 2TRIT

=fraction on particles pumped into level
vk 1k,

= functions of JT/T, Eq. (25)

=defines N, in saturated oscillator,
Eq. 22)

=normalized gain/semichannel
in optical cavity, ¢,G, /0y

=normalized gain per semichannel,
Eq. (4)

=gain per unit length on transition
v+1,J—1—v,J,cm ™!

=defines effect on N, of G,
#0, Eq. (22)

=net energy (J) released by
pumping reaction/mole of n,

=local lasing intensity, W/cm?

=normalized value of lasing intensity,
Eq. @)

=rotational quantum number

=ratio of net pumping rateto v=I1—v=0
deactivation rate, k,/k.;

=mean rate, sec ~!

=rate coefficient, cm?/(mol-sec)

=molecular weight of excited species

=1 for laminar and turbulent flames,
respectively

=measure of net number of particles in
levels v=0to v=uv, at station x

=measure of net amount of species
i at station x, Eq. (4)

=local number density of species
i, mol/cm?

=reference number density {equals
[nr] for cold reaction
HF (DF) lasers}

=number of semichannels

=net output power/semichannel, emitted
up to stationx, W/cm

=net oscillator output power/semichannel,
W/cm

=reflectivity of mirrors 1 and 2

Index categories: Lasers; Reactive Flows.
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Subscripts

cd
EF,

Ry~

P

voruv,J

=relative deactivation rate,
ked” +ko 1/ ked
rotational and translational temperature,
-] K .
characteristic rotational temperature, °K
= flow velocity in x direction, cm/sec
=vibrational level, v=o0, 1,.. ., vs
=highest vibrational level considered
=oxidizer channel semiwidth, cm (Fig. 1)
= axial distance, cm
= characteristic diffusion distance,

Yelxp)=w
= flame sheet abscissa, cm
=yr(x)/w
=y (xo) /W
= flame sheet ordinate, cm
=mean value of ¢,
=energy (joules)/mol of photons

for transition v+ 1,J—I1—v, J
=net photon output up to station {,

per initial referen(I:e (n,)

l)f—
particle, ¢ = E b,

v=0

i

=value of ¢ for single transition
v+l J~1-v,J
=net photon output/initial n,
particle for an oscillator
=normalized axial distance,
k. iDx/u
=ratio of characteristic diffusion
distance to characteristic deactivation
distance, k.,'") xp/u
=value of { at end of lasing zone
in oscillator
=value of { at which lasing is initiated
= ¢ross section for stimulated emission,
Eq. (2), cm?/mol
= chemical efficiency, Eq. (26)

=collisional deactivation

=atomic or molecular fluorine,
respectively

=species i

= pumping reaction

=spontaneous emission

=vibrational energy level

=associated with transition
v+1, J—1-v,J
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o =freestream value
0 ' =corresponding tov=0o0rx,

I. Introduction

ARIOUS approaches have been taken to analyze the

performance of cw diffusion-type HF/DF chemical lasers
theoretically. These include the development of computer
programs that use boundary-layer approximations in the
mixing region, !* an ‘‘exact’’ analytical flame-sheet solution
for laminar mixing in the limit of zero power* or optical
~saturation,”® and solutions in which simplified mixing and
chemical kinetics models are used. %’ The latter do not satisfy
the equations of motion, even in a limiting sense, but do
describe the basic behavior of the ¢w diffusion-type chemical
laser in terms of relevant normalized parameters.

A flame-sheet diffusion model was used by Mirels,
Hofland, and King.® Laminar and turbulent mixing were
analyzed, as well as oscillator and amplifier configurations.
To obtain simple closed-form solutions, a two-level vib-
rational model was used.

Broadwell’ extended the analysis of Emanuel and Whit-
tier® to include effects of diffusion on HF laser performance.
A scheduled-mixing model was used; turbulent mixing and an
oscillator optical configuration were assumed; multiple
vibrational levels were considered.

In the present study, the analysis of Mirels, Hofland, and
King® is extended to include multiple vibrational levels. Ar-
bitrary mixing rates and chemical rate coefficients are con-
sidered. Solutions for zero power and amplifier cases, as well
as expressions for total oscillator output power, are obtained.
In addition, the flame-sheet® and the scheduled-mixing’
models are compared.

II. Theory

In the following sections, the rate of formation and deac-
tivation of excited species in a c¢w diffusion-type chemical
laser is discussed. Equations that describe the performance of
amplifier or oscillator configurations are then noted.

A. Basic Equations

The mixing model of Mirels, Hofland; and King® is
illustrated in Fig. 1. The flow downstream of a single oxidizer
(F) semichannel is considered. The reactants are assumed to
be premixed, but do not start to react until a specified flame
sheet location is reached. Diffusion across stream tubes is
ignored. The effect of diffusion is accounted for by the flame
sheet shape. The flame sheet ordinates (x,, y;) are given by

Yir=yr(xy) Xo=Xp (1a)

=w Xo>Xp (1b)

where w is the width of the semichannel, and x, is the axial
distance required for the flame sheet to reach the channel cen-
terline. Flow velocity, pressure, and temperature are assumed
to remain constant. The semichannel is assumed to have a unit
height. The model does not represent an exact solution of the
equations of motion, even in a limiting sense, but is expected
to retain the main features of the diffusion-reaction-lasing
process. ‘

Let n, denote the number density (mol/cm?) of molecules
at vibrational level v. Vibrational levels from v=0 to v=1vy
are considered. The molecules in each vibrational level are
assumed to be in rotational equilibrium at a temperature
equal to the local translational temperature 7. Only P-branch
transitions (v+1, J—1-—v, J) are considered. The gain
associated with these transitions can be expressed as

85,7=0, (N —Auny) (2a)
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where
Au,.l =~ MTR/T (Zb)
The value of ¢, ; at line center of a Doppler-broadened P-

branch transition can be found from® (using a corrected
numerical coefficient 2.74 (In 2) —*)

00,y =3.29X 10 6TxM"* T32M2, ;Je ~/V=-DTR/T (2¢)

where, for an HF lasing molecule, 6=1, T;=30.16° K,
M=20g/mol,

M3, x 10% =0.96]1 +0.063J]erg-cm? 2d)
M2, 1M} =1+v—0.01v3 (2e)
00,1 =5.66x 107 (400/T)*?cm? /mol (2f)

Equations (2d) and (2e) are correlations of estimates provided
by J. M. Herbelin, which are believed to be accurate to within
about 10% for I=J=<16andv=<6.

For convenience, the symbols g, ;,0,,, and A, ; are now
denoted g,,0,, and 4, respectively; i.e., the dependence on J
is not displayed. It is assumed that, when lasing occurs, only
one transition, with intensity denoted by I, ,=1,, is permitted
between v+ 1 and v. In order to obtain closed-form solutions,
vibration-vibration (v-v) collisions are neglected. The rate of
change of n, in each stream tube then can be expressed as

d dn,
udzu —u (g’;_) +[(k(‘(dv+1)+ks(pv+1)) Hyii
P R

() (B o

where u (dn,/dx) , is the rate (mol/ cm?/sec) of formation of
n, by the chemical ‘‘pumping”’ reaction, as discussed in Ap-
pendix A. The second term on the right side of Eq. (3) is the
net rate of formation of n, by collisional deactivation (see Ap-
pendix A) and by spontaneous emission. The quantities k3’
and k¥ are the rates (sec ~') of collisional deactivation and
spontaneous emission, respectively, from v to v—1 levels.
Note that k{9 =k P =0. Generally, £? 7k < <1 for HF
lasers. The last term on the right side of Eq. (3) is the net rate
of formation of n, due to stimulated emission and ab-
sorption.
We now introduce the following normalized variables

c=xkiy /u L=0,1,/(e,ki] )
¥ A
N=ton = [ may  n= k) vk kY
7
Gv= (Gvnrw) ! SO gvdyZNu+1'—Aqu (4)

The quantity #z, is a reference number density, which, for a
cold-reaction HF laser, is taken to equal (nz).. Equation (3)
is integrated with respect to y, between the limits y=0 and
y=y,. If it is assumed that r, is a constant, /, is a function
only of x, i.e., a mean value is used at each station, and n, =0
at the flame sheet, the result is

dNu/dg‘_i' (ru +1v—1 +AUIU)NU
= (ros s )Ny = (AIN),_ = (dN,/d?),  (5a)

with the boundary condition N,(0)=0. An alternative form of
Eq. (5a) which retains G, is

dNu/dg‘—' (ru+1Nu+1_rvNu)

_(IUGU_IU—/GUf[:(dNU/dg—)p (Sb)
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Fig. 1 Mixing model of Mirels, Hofland, and King. Reactants are
premixed. Reaction starts at x,, i.e.. at intercept of stream tube with
flame sheet y;=y;(xp). I,=If +1;. a) typical physical flow;
b) corresponding model semichannel flow.

Let

vr
Nyor= ;0 ng

Since Npyr can be changed only by the pumping process, it
follows that

dNrr _ A (AN,
dr - ,;0 ( dac )p (59)

For a cold-reaction HF laser, Eq. (A5),

(dN,/d¢) , =a,K N (62)
where
¢ dY,
K,Ne=K,e _K,;“So ekito d_i’oo dt, (6b)
=dY/d¢ K~ (6c)
Here

Yo=yr(xg)/w Y=y,(x)/w

Uf
k,= Zo kY a, =k rk

Klzkp/kcfdl)- nr=(nF)oc

In view of the normalizations in Eq. (4), the limit X, - in

Eq. (6¢) corresponds to k,—o. The rate of change of the
total NV, population is, from Egs. (5¢) and (6a),

AN7or/di=K N @)

Conservation of F atoms yields

Nror+Np=Y ®
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It follows that
s
NT0T=K1e_K1§SO ekitoy,de, (%a)
=Y K, - (9b)

The flame sheet shape can be expressed in the form

Y=({/¢p)™ Yo=({o/8p)

Y=1 Yo=1

(£={p) (10a)
(§>$p) (10b)

where m = V3 and 1 for laminar and turbulent mixing, respec-
tively. .

Now let ¢, denote the number of photons emitted up to
station ¢, per initial n, particle, from the transition v=1,
J—1-v, J. Thus,

x 6 ~
@, = (un,w) ‘150 dx SO (gl/e) ,dy an

¢
= So 1,G,d¢ (12)

The quantity d¢,/di=1,G, is a measure of the local emitted
photon flux per initial n, particle. Let P denote the net output
power, per semichannel, up to station {. A semichannel of
unit height is assumed. It follows that

vr_j
P=unw E €,0, (13)
v=0
When a mean photon energy e is used, P=un, we¢, where
Uf_l
o= E ¢u‘

v=0

is the net photon output per initial #, particle up to station ¢.

B. Zero-Power and Amplifier Cases

When 7, is specified, Eq. (5a) is linear and generally can be
integrated in closed form in order to find N, as a function of
¢. The net gain per semichannel is then found from G,=
Nyr1—AN,.

For the zero-power case (I, =0), Eq. (5a) yields

¢ ¢
Nyef=a,K, So e SNpdi+r,,; SO e’¥N,, ,dt (14)

Equation (14) is integrated successively, starting with v=v;.
Note that r, =0. Expressions for N, and G, are given in Ap-
pendix B.

It is of interest to expand Eq. (5a) in a power series about {
=0. Consider the case K; — o0, Y= ({/{p) ™. It is found that

NU/YzaU+§‘(m+1) - [ (rv+1+Iu)av+1+ (Ala)v-l

_(rv+11)—l+Av1v)av]§‘=0+0(§‘2) (lsa)

For the zero-power case

N,/Y=a,+i(m+1) ~'[(ra),,,— (ra) , ]+ O(s?) (15b)
The corresponding gain per semichannel is
G,/ Y=(ay, —Asa,) +E(m+1) T {[(ra) .2~ (ra) 4]

—A,[(ra) y1 = (ra) 1} +O(87) (15¢)



JULY 1976

The first term on the right side of Eqs. (15) is the contribution
of the pumping reaction, and the second term is the
modification because of radiative and collisional deac-
tivation. The pumping reaction increases N, and G, by an
amount proportional to Y, whereas deactivation increases (or
decreases) N, and G, by an amount proportional to {Y.
Equations (15) are similar in form to the results of Hofland
and Mirels, ° where a laminar flame-sheet solution was ob-
tained by expansion about x=0.

Zero-power number density and gain distributions for a
cold-reaction HF laser, in the limit K; — oo, Y=({/{p) ", are
given in Fig. 2. For small { N, and G, vary as Y. In the limit
{—oo, N,—Y, and for v#0, N,~ ™!, The population in-
version is total for small { and becomes partial with increases
in {. The gain per semichannel is a maximum at values of { of
order 1. In interpreting Figs. 2b and 2d, it should be recalled
that, in physical variables, the gain per semichannel is propor-
tional to ¢,G,~ (v+1)G, for a fixed value of J. Hence, for
laminar flow and fixed J, the peak gain on the 2-1 transition is
somewhat larger than the peak gain on the corresponding 1-0
transition (Fig. 2b), although this is not true for turbulent
flow (Fig. 2d).

The present results are expected to be modified somewhat
by vibration-vibration collisions, which are neglected herein.
These results are useful however, for providing convenient

~ first estimates of zero-power number density and gain.

C. Oscillator Cases

We now estimate net oscillator output power following a
procedure similar to that used by Broadwell” and Emanuel
and Whittier.® A Fabry-Perot optical cavity is assumed.
Steady-state lasing is assumed to be initiated simultaneously
on all tranmsitions (v=0,1,2,. .,Uy—1) at some station
denoted ¢;. The value of J is assumed to be the same for each
. lasing transition, i.e., A,=A=const. The choice for J is
discussed later. All photons are assumed to have the same
energy, i.e., e, =e.

The condition for steady-state lasing requires that, in the
lasing region, ®

0,G,=[(~1)In(R,;R;))/ [2nsn,w] v<uvy

=0,G. (16)

where R; and R, are the cavity mirror reflectivities, and n,. is
the number of semichannels between the mirrors. The quan-
tity G.=0,G,/0, denotes the constant value of G, in the
lasing region. Equation (16) does not apply at v=1v, because
there is no lasing from v, +I—uv,. For a given optical cavity,
laser geometry, and flow conditions, the product ¢,G, is a
constant. However, the individual values of ¢, and G. depend
on the choice for J. Saturated laser operation corresponds to
G.—0.

Upstream of {;,¢=0. The variation of ¢ with {, down-
stream of {;, is found as follows. Equation (5b) can be ex-
pressed as

1,G,=dN,/d{—(dN,/dy)p, +r,N,—r, . [Ny +1,_,G,_,

v amn
" Successive solutions of Eq. (17) for I,G,, I1,G,, etc., yield
& 4N, [aN,
1,G,= ——(—) —ry N, 18
v ;} [ ds ds p] Tor Ny 41 (18)

The rate of change of net photon output is, then, after
algebraic simplification

do_ &'y dN7or _dN,
d~§‘= ;0 IvGU = go [U<avd—§_._ dg, >_,rqu] (19)

Equation (19) can be deduced more directly by consideration
of conservation of vibrational energy; i.e., the rate of change
of output power equals the rate of increase of vibrational
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Fig. 2 Zero-power number density and gain distribution for cold-
reaction HF laser. K; —o, Y=({/{p)™, r,=v, vy=3,a,=0.0, 0.17,
0.55, 0.28. a) Number density, m=2; b) Gain, m= /4; ¢) Number
density, m=1,d) Gain,m=1.

energy created by the pumping process less the rate of increase
of vibrational energy of the N, particles, less the rate of
energy lost by vibration-translation collisions. It is clear that
vibration-vibration collisions conserve vibrational energy,
and if these had been included in the present study they would
not appear in Eq. (19).

We now express N, in terms of G, and Ny,r, which are

known quantities. Successive solutions of N,=G,_;
+AN,_,; for N;, N,, etc., indicate
v—1
N,=A"1 Y, (G,/A") + AN, (20)
i=0

where the summation is taken equal to zero for v=0. An ex-
pression for N, is found by summing Eq. (20) for v=0,
1,...v;. Theresult is

Uf~l—v .

v ve—1
NogAuNm— 5) G, ), A @1)
v=0 i=0

Substitution of Eq. (21) into Eq. (20) yields

NuzFuNToTJf'HUGc (22)
where
i
FU=A”/ Y av (23a)
v=0
v—1 ) Uf—I Uf-l—v
H—ar L g Y [ 4’| @
izo A’ v=o0 Lo, =0
Equation (23a) can be expressed as
F,=A"(A-1)/(AYY ~1) A#1
=(vy+1) ! A=1 (24a)

For o,/0, =1, Eq. (23b) becomes

HU=[A“(I+Uf)/(A”f+’—1)]—(A——])" A#l

=v—(v,/2) A=1 (24b)
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The quantities F, and H, are independent of {. Also, -

Uf Uf
Y, F,=1 Y, H,=0
v=0 v=0

Thus, N, is known. Substitution of Eq. (22) into Eq. (19)
yields

de¢/di=CdN7,r/d~C;Nror—C3G. (25a)
where it is assumed that dG./d{=0and

i vf vr
C;= Y, v(a,—F,) C;= EI r,F, Cs3= EI rH,
v= v=

v=1

If terms of order A compared with one are neglected

v . Uf
C1= ﬁ va, C2=A C3= E rv(Uo/O'UAI)
1 1

The latter equals v, when r,=o,_,/0,=v. From the
definition of C,, it is clear that C, equals the number of
photons liberated per lasing species molecule (formed by the
chemical reaction) for the case of a saturated laser with no
collisional deactiviation. Similarly, C, is the ratio of the net
collisional deactivation rate in a saturated laser to the
collisional deactivation rate that would exist if all the lasing
species molecules were in the first vibrational level. The quan-
tity C;G./Ny,r is the correction to C,, i.e., increased
collisional deactivation, due to a lack of optical saturation.

Equation (25a) applies downstream of {;. The net photon
output, up to station ¢, is

¢
6=C, (Nl §,=Co| Nyurds—C,Ge6-5) @by

The optical cavity is assumed to end at the streamwise station,
where d¢/d¢ becomes zero or negative. The latter station is
denoted ¢,, and the corresponding net photon output and
power output are denoted ¢, and P,, respectively. If AH
represents the chemical energy released, per mole of », par-
ticles, the chemical efficiency of the laser is

ne=P,/ (nuwAH) = (¢/AH) ¢, 26)
where e/AH="'5 for a cold-reaction HF laser operating at

2.706 pm. The product 2.327 ¢, yields the output at this
wavelength in terms of kilojoules per gram of fluorine.

Oscillator performance now can be deduced. Consider the
limit K, —o with a flame sheet given by Y= ({/{p)" for
< ¢p,and Y=1 for {> {p. Equations (25) yield
" (de/de) =mC i = Cof™ = C"pGe (§i<{<¢p)

(27a)
e-{() - eana (5)
- (%?) (Cc_z,(»: (27b)
where, for (Cy¢p/mC;) =1+ (C5G./CHT ™

(sze)’"_[l_'_szD(Cch)z]y’
mC,/ 2C, \ G,

_<C22gj’)/%§;_ (m=15) (28a)
=1—[(Cy{5/Cy) (C3G/Cy)]  (M=1 (28b)

and, for (C,{p/mC;) <[1 + (C3G./C;3)] ™!
Ce=1o (28¢)

AJAA JOURNAL

Equations (28a) and (28b) are obtained by setting Eq. (27a)
equal to zero, and correspond to cases in which lasing ter-
minates before the flame sheet reaches the channel centerline.
Equation (28c) corresponds to cases in which lasing is ter-
minated when the flame sheet reaches the channel centerline.
The quantity {; can be found from Eq. (16) and the equations
given in Appendix B. In most cases, {?< <1, and Eq. (15¢)
can be expressed

() = ey [

[(ra)v+1_ (ra)v+2] _A[ (rd)u(ra)u+1]
Ay _Aav

+0(s“?)] -
(29)

where 0,G, is given by Eq. (16). Equation (29) is written in a
form that can be solved for {; by iteration with {; =0 used as
the initial estimate. For a given value of J, the value of v that
yields the smallest value of {;; i.e., corresponds to the tran-
sition with the largest zero power gain, is used. The choice of
v=1 (2) appears appropriate for cold-reaction HF(DF) lasers.
If no solution for {; is obtained, threshold is not reached.

In most practical devices, the optical medium is saturated,
and lasing originates near {=0. In these cases, Eqgs. (27) and
(28) can be simplified considerably. Assume that ({;/¢p) "=
0(G.)< <1, (C;G./C;)’< <1, and C,ip/C;=0 (1).
Equations (27) and (28) become, for C,{p/mC;=
[+ (C5G./C)] 77,

Colp\"™ $e _ _ Cy$p\mC3G,
(m+1)(—”—la> E;—I m(m+1)<—mcj) ——CZ
+0(G) +OI(L%)7) (302)
2

(C2§e>'"=1_(mC2§-D)”'C3GC +O(C3GC)2(1"")/”I
mC, C, C, G,

(30b)
and, for C2§D/mC1 = [1+ (C3GC/C2)] _1,

¢_e:1_( 1 +C3GC)C2§—D
C] m+1 C2 C]

+0(G,) (30c)

$e=$p ‘ (30d)

Equations (30) are plotted in Fig. 3 for m= %5 and define
saturated laser performance. The discontinuity in these curves
is a result of the neglect of higher-order terms in Egs. (30).

For a cold-reaction HF laser

C,=211-GC, ‘(31a)
C;=A(1-A)(I+2A+3A%)/(1-A%) (31b)

and, to within 1%, C;=3.0+1.74(1 —A). It is seen that
C,—0as A—0. This result is explained as foliows. Recall that

C, is the ratio of the collisional deactivation rate in a
saturated laser to the collisional deactivation rate that would

“exist if all the lasing species molecules, i.e., HF, were in the

first vibrational level. When A=0 in a saturated laser,
stimulated emission reduces all lasing molecules to the ground
state. Hence, there is no collisional deactivation in this case,
and C, =0. This limit can not be achieved in practice because
6p—0 as A—0 such that G,.= (¢,G.)/o,— > for nonzero
values of ¢,G..

It is assumed that the value of J is the same for all lasing
transitions, but the choice for J has not yet been established.
In Fig. 4, the effect of J on HF laser output is indicated for
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the realistic range of conditions 0<0¢,G.< 10° cm?2/mole,
0.0=<{p=20, and T=300° and 600° K. For these conditions
and small values of J, the optical medium is saturated, and
laser output increases with increase in J. With further increase
in J, the medium becomes unsaturated because of the decrease
in ¢, with increase in J, i.e., Egs. (2¢) and (2f), and laser out-
put reaches a maximum.} Thereafter, an increase in J results
in reduced laser output. Further increases in J result in
threshold not being reached. Emanuel and Whittier® recom-
mended that the value of J that yields the maximum output
power be used to estimate laser performance. This approach
may tend to overestimate the average value of J and the out-
put power from an actual device. An alternative approach is
to use values of J that are observed experimentally. In typical
cold-reaction HF and DF lasers, the output power appears to
be centered about /=35 to 8 and J=8 to 10 transitions, respec-
tively, >-'0 although these results depend somewhat on initial
gas temperatures, degree of dilution, and optical cavity con-
figuration. Hence, the values J=7, 9 appear to be represen-
tative experimental values for HF and DF lasers, respectively.
Further study concerning the choice for Jis desirable.

II1. Discussion of Results

The dependent variables are functions of the independent
variable {; the parameters ¢p, K;, G, A, J (or T), and m; and
lasing molecule distributive properties (r,,0,/0y,a,). The
quantities of {, {p, and K, are the ratios of streamwise dis-
tance, characteristic diffusion distance, and characteristic
pumping distance to characteristic collision deactivation dis-
tance; whereas the quantity G. is a measure of optical satura-
tion. For zero-power cases with {=<{p, the dependent vari-
ables ¢BN,,{5G, are independent of {,. In oscillator
cases, the quantities ¢,/C; and C,¢,./C,; depend on

CZ?D/CI’ CjGC/Cg, CIKI/CZ, and C2§’,~/C,

When
{i<<I and Cy¢p/Cr 2 [14(C;G./Cy)] !
the quantity
(C28p/C1)"$./C,y

is a function only of

(C28p/C1)"(C3G./Cy) and C,K,/C,

In practical lasers, the assumptions incorporated in Eq. (30)
are approximately valid. The resulting variation of efficiency
and output power with Cy¢p/mC, and
(Cy¢p/mC;) % (C;G.(C,) is shown in Fig. 3 for m= 1.
Note that (C,¢{,/mC,;)"*(C;G./C,) is inde-
pendent of pw. For small values of {,, the flow corresponds
to that for a premixed laser. In Fig. 3a, it is indicated that
laser efficiency decreases as {, increases. The ordinate in Fig.
3b is proportional to output power per semichannel when
plenum temperatures and a stoichiometry (pr/p) are kept
constant. It is shown that output power increases with {, until
Cotn/mC,=[1+(C;G./C;)] ~! and remains constant with
further increases in {,. In the latter region, lasing is ter-
minated before the fuel (H,) reaches the centerline of the
oxidizer (F) channel.

The present results can be expressed readily in terms of
physical variables. First consider a cold-reaction HF laser
with combustor-generated DF present in the oxidizer flow.
Let pr and ppr denote the initial partial pressures of atomic
fluorine and DF, respectively, and let pr characterize: the
mean value of pyy in the reaction zone. Assume that HF and
DF are the major deactivators of HF(v), and use only the

1The maxima in Fig. 4 are predicted to within a few percent by
using {; =0in Eq. (27b).
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Fig. 3 Saturated laser performance for K; —o and m=15, [Egs.
(30)]. a) Efficiency; b) Output power.

leading terms in Egs. (A9) and (A10). Recall that {=k'} x/u.
It follows that

_0.0752p(Torr)x(cm) ax10° @
- (p/pp)(T/400)2( )[1+06( )] (32)

Characterize laminar and turbulent flame shapes by
YF=A; (Dx/u)”? and yf=Agx, respectively, where
A, =0(1), Ar=0(0.1), and ZD CT“/p is the laminar dif-
fusion coefficient. Then, x5= (w/A4,)?u/D,x5=w/A+, and

the corresponding laminar and turbulent values of {3 are

(c) % _ 2.072p(Torr)w(cm) (2.88)( 10‘4) Z
P7 T (pipr) P (T/400) 7 C
(A >[1+06(pDF)]/2 (33a)

where C=2.88x10"% corresponds to the diffusion of
hydrogen into helium and

0.752p(Torr)w(cm) 4x 10° 0.1 Por
—[1+0.6 33b
PIp) (T/400)7 u Ap | ()1 63

$h=
Similarly, if we let oy=0y, and n,=pg/RT, Eq. (16)
becomes, for a HF lasing molecule,

0.234(p/pr) (T/400)°*In(R,R;) ~'
ny.p(Torr) w(cm)

G.=

exp[J(J—=1)Tx/T]
J(1+0.063J)

(33¢)

where o, ; has been evaluated from Egs. (2). Note that {3
is independent of pw. Recall that C;=2.11, C;=3, and C,
=exp(—2JT,/T) for a HF laser with C,< < 1. Hence, the
dependence of laser performance on physical variables can be
readily deduced, e.g., Fig. 3 and Eqgs. (33).

Now note explicit expressions for ¢, and ¢, for a saturated
laser (G, =0) in the limit K, —, C,{p/mC;>1. From Eqgs.
(30) and (33)
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C}? (p/pg) ¥ (T/400) 7% (C/2.88x107%) ¥ (A, /2)

(34a)

cy p(Torr)w(cm) [+ (0.6ppr/pr)]”
when m =% and
C? (p/pp) (T/400) % (u/4%x10°) (A1/0.1)
=0.665 = 34b
P C, p(Torr)w(cm)[I+ (0.6ppr/pr)] (34b)

when m=1. The dependence of ¢, on physical variables is
considerably different for the laminar and turbulent mixing
cases, except for the dependence on pw. The corresponding
length of the lasing zone is, from Egs. (30b) and (32),

u/4x10°
[Z+ (0.6ppe/pr)]

mC; (p/pe) (T/400)°
C, 0.0752p(Torr)

x,(cm) = (35)

The lasing length is proportional to u/p, which is expected
from binary scaling considerations, and is independent of w.

Similar expressions can be deduced for a cold-reaction DF
laser with combustor-generated HF present in the oxidizer
flow. For a DF lasing molecule, =1, T =15.6° K, M=21
g/mol, and

M3 ;% 10%% =0.662{1 + 0.045]]erg-cm* (36a)
M2 /M3 ;=1+v—0.005v° (36b)
00,,=2.03%x 107 (400/T)*?cm?*/mol (36¢)

Equations (36) are correlations of estimates by Herbelin that
are believed to be accurate to within about 10% for 1 <J/=<13,
v<6. Consider HF and DF to be the major deactivators of
DF(v), approximate ppy by the initial value of pg, and include
only the leading terms in Eqgs. (A10) and (All). Equations
(32-35) then apply for the cold-reaction DF laser if [1+0.6
(Ppr/DPr)]is replaced by 0.4[1'+1.6(pyr/pr)1,if [1 +0.0637]
is replaced by 0.365 [1+0.045J], and if C=2.35x10"*
(corresponding to diffusion of D, into He) is used in Eq.
(34a). For a cold-reaction DF laser, a,=0, 0.10, 0.24, 0.38,
and 0.28; hence, C,;=2.84 and C;=4 for C,=exp

o
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Fig.5 Mixing model of Broadwell.

(—2JTx/T)<1. The product 1.641 ¢, yields the laser output
in terms of kilojoules per gram of fluorine for a mean output

- wave length of 3.837 um.

The two-level model of Mirels, Hofland, and King®
corresponds to the choice v, =a,=r; =A=gy/0;=1. For this
case, C,=C,=C;3=%, and the present results agree with
those of Ref. 61 For a given lasing species, scaling laws
deduced from the multiple-level model differ from those
deduced from the two-level model only in the dependence of
C,;, C,, and C; on T and J. The effect of the latter on laser
performance is approximated, in the two-level model, by ap-
propriate normalizations; e.g., chemical efficiency for {5 #0
is normalized to the value for {5 =0, and by the use of
suitable mean rates; e.g., k{2 was used to characterize HF
collisional deactivation.

The mixing model used by Broadwell’ is illustrated in Fig.
5. It is shown in Appendix C that the latter leads to results
that are identical with the flame-sheet-mixing model used
herein if mean chemical rate are used in both models.

1The present oscillator solution becomes identical with the solution
of Ref. 6 if the present variables C,¢/C,,¢,./C,;,C;G./C,, and C,
K,;/C, are identified with the variables {v,G./ow[F],, and K, in
Ref. 6.
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IV. Concluding Remarks

It is clear from Eqgs. (34) that the dependence of ¢, on
physical variables is different for laminar and turbulent
flows. Criteria for determining whether or not the mixing in
the lasing region is laminar, transitional, or turbulent have
not been established. Incompressible hydrodynamic stability
studies indicate that the critical Reynolds number for the
mixing of two parallel streams is about a factor of 10 lower
than the corresponding value for a semi-infinite flat plate. !
Flat-plate transition Reynolds numbers vary from values of
the order of 10° to 10° for subsonic flows to values of the or-
der of 107 to 10® for hypersonic flows. Transition Reynolds
numbers for the mixing of parallel streams might be expected
to be about one or two orders of magnitude lower than the
corresponding flat plate values. The Reynolds number per
unit length at the oxidizer nozzle exit for a typical current
laser design!? is of the order of Re/cm=0(10%), e.g., helium
at p=>5 Torr, T=300° K, u=4x10> cm/sec. Most of the
laser energy is extracted within a few centimeters of the nozzie
exit '2; hence, the Reynolds number based on the length of the
lasing region is of the order of 103. The flow external to the
mixing zone is hypersonic. This suggests that the mixing is
laminar in the region of interest as was, in fact, observed by
Varwig!® and Shackleford et al.'* Since the lasing length
varies as p ~/ [Eq. (35)] and Re/cm varies as p, the Reynolds
number based on lasing length is independent of pressure
level, and an increase in pressure level does not result in tur-
bulent mixing in the lasing region. The initial nozzle boundary
layer, shock-induced separation at the nozzle exit, and blunt
nozzle trailing edges may hasten transition to turbulence. > In
the latter case, the mixing in the lasing region may be tran-
sitional. In these cases, the choice m =Y or an alternative
choice for y,=y,(x) may be more appropriate than the
choice m=1, which implies fully developed turbulent flow.
Further study is needed.

It also should be noted that the simplified models of Mirels,
Hofland, and King,® Broadwell,” and the present study
neglect features of the flow that may be important in some
cases. In particular, initial flow nonuniformity (because of
nozzle wall boundary layer); pressure nonuniformity, i.e.,
shocks, edge effects, and lateral gas expansion; and heat ad-
dition effects, i.e., streamwise temperature variation effect on
rates are neglected. Appropriate mean values are needed.

Appendix A: Reaction Model

The simplified reaction model used in this report is
illustrated by considering pumping and collisional deac-
tivation reactions for a cold-reaction HF laser. Backward
reactions are neglected.

A. Pumping Reaction

The cold-reaction HF laser uses molecular hydrogen and
atomic-fluorine. Vibrationally excited HF is generated by the
pumping reaction

k—p(”)
F+H,—-HF(v)+H (Al)

where [ is the rate coefficient for production of HF (v),

and
k,= uz:jo kp(v)

is the overall rate coefficient. The rate of change of nr alonga
single stream tube with velocity u, assuming a hydrogen rich
mixture, is

udng/dx= —k,ny,ng (A2a)

= —k,np (A2b)
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The quantity k,=k,ny, has the units sec ~!, and a mean
value is used. The reciprocal of k, is the characteristic
pumping time. If the reaction starts at x, with an initial con-
centration (ng), (Fig. 1), the downstream concentration of -
atomic fluorine along the stream tube is

ng/Ng)y, =eXpx =0 /u (A3)

Leta, =k /k, and note

vr X

E a,=1

v=0
From Egs. (Al) and (A2), the vibrationally excited HF
created by the pumping reaction is, for each stream tube,

u(dn,/dx),=a,k,ng (A4

The net rate of creation of HF (v) at a given streamwise
station, due to all the stream tubes, is found by integrating

Eq. (A4) between y=0 and y;(x). The result, after in-
troduction of nondimensional variables, is

(dN,/d?),=a,K Ny (ASa)
where
¢ .
KINF=K16_K1f SO eKI(O(dYO/dg-o)d§0 (A5b)
=dY/d; (K, —oo) (ASc)

and 1, = (1p) w, Yo=y(Xo) /W, Y=1,(X) /.

B. Collisional Deactivation

Now consider vibration-translation (v-f) deactivation of ex-
cited species and neglect vibration-vibration transfer. The v-¢
deactivation of n, by species n;, namely,

(k)
nv+n,- — nu_1+n,'
is found from
udn,/dx= (kY )nn, (A6)

The deactivation of n, by all species can be expressed
udn,/dx=kl} n, (A7a)

where

kg =X (€2)

i

(A7b)

and k.5”) =0. The quantity k.’ is assumed to be a constant,
and characteristic values of the major deactivators are used in
Eq. (A7b). For arc-driven cold-reaction HF lasers,'¢ the
major deactivator is HF (and possibly H, F). The number
density of each of the latter can be characterized by (#g)e.
For combustion-driven HF lasers,'® the introduction of
major deactivation species by the combustor, e.g., DF, needs
to be considered. '

C. Rate Coefficients

Pumping and collisional deactivation rates for an HF laser,
from Cohen, '* are repeated here for convenience. Units are
T="°K and k=cm3/mol-sec. The overall pumping reaction
rate is

K,=1.6x10"e 05T (A82)
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and the distributional coefficients are
a,=0,0.17,0.55,0.28 (v=0,1,2,3) (A8b)

The major collisional deactivation process in arc-driven lasers
is

HF (v) + HF—=HF (v—1) +HF

for which the rate coefficient is
HF*
(E}j) )HF =p(3X10¥T ' +3.5%x107T*%) (A9)

The latter differs somewhat from the rate used by Mirels,
Hofland, and King.® Collisional deactivation of HF(v) by
DF, in combustion-driven lasers, can be estimated from '¢

HF*
(dev) )DF =v(1.9x107T~'+1.35x10°T?) (Al0)

Equation (A10) neglects vibration-vibration collisions, which
may be significant.

The rate coefficient for the collisional deactivation of DF(v)
by DF is

F*

D
(k—é;) )Dp =v(1.2x10T~ 1 +1.4x10°T*%) (All)

The rate coefficient for the deactivation of DF(v) by HF is the
same as that indicated in Eq. (A10).

Appendix B: Zero-Power Number
Density Distribution

Number density distributions, in the absence of radiation,
are found herein for the case Y= ({/{p)",K;—o,r,=v, and
vy=3. Integration of Eq. (14) yields the following results.

A. Laminar Flow (m=12)

EN;=3""a;D[(3}) "] (Bla)
AN,=27"(a,+3a;)D[(2y) *]-3"a;D[(3}) “]  (B1b)
4N, = (@, +2a;+3a;) DIt #1 =2 (@, +3a;) DL(2¢) ]

+3%a;D[(3¢) "] (Blo)
CENg=¢" =SB (N/+ N> +Nj5) (B1d)

where DI[z] is the Dawson integral’
z
Dlgl=e"? SO eFdz,

=z[I - ()22 +0(z%)]

=(27) '+ (22%) ' +0(z7*)] (Ble)

B. Turbulent Flow (m=1)
3ipNsy=a;(1—e %) \ (B2a)
2tpNy,=a,+a;— (a,+3a;)e "% +2a;e =% (B2b)
{oNy=a;+a,+a;— (a;+2a,+3a;)e~¢
+(a,+3a;)e % —aze ¥ (B2¢c)

$pNo=§—§p(N; +N,+N;) (B2d)
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Appendix C: Mixing Models

It is now shown that, when mean values of reaction rates
are used, the scheduled-mixing model of Broadwell” is
equivalent to the mixing model of Mirels, Hofland, and King®
used herein. The mixing model of Broadwell is illustrated in
Fig. 5. For an HF laser, the quantities w; and w; represent the
semichannel widths of the hydrogen and the fluorine-diluent.
streams, respectively. Both streams have the same velocity u.
The reaction zone is assumed to be bounded by two similarly
shaped curves, denoted by y; and y, in Fig. 5. Fluid proper-
ties in the reaction zone depend only on x. Freestream par-
ticles that intercept the bounding curves between station x and
station x+Ax are assumed to be uniformly distributed
throughout the reaction zone. The axial distance required for
all the reactants to enter the reaction zone is denoted by xp
and is equivalent to the diffusion distance in the flame sheet
model. Note that w; and w, are the values of y, and y, at xp,.
Although Broadwell considered only. turbulent mixing with
w; =w,, the author only requires that y; and y, be similar in
shape, i.e., y,;/y,=const. Introduce y,=y, —y,. The rate of
change of any species #; in the reaction zone can be expressed
as

d _ . dy, dy; u dys
[( 1)2 _( l)l -
dy; y;dx  y,; dx

niu dy,

+w; (C1)

where (n;); and (n;), represent the freestream values of »n; in-
tercepting curves y; and y,, respectively. The first term on the
right side of Eq. (C1) represents the rate of increase of n;
because of particles entering the reaction zone; the second
term represents the decrease in n; because of the lateral ex-
pansion of the reaction zone; the third term represents the rate
of change of n; because of chemical and radiative reactions.
Since y; and y, are assumed to be similar in shape, a mean
freestream value of #;, denoted (#;).,, can be introduced such
that

(7)) o =[(n;) 2, — (1) 1 Y1)/ ¥y (C2)

Equation (C1) can then be written as

udiini—(n) o

wdiln= ()l _ )
s dx

For lasing molecules, the right side of Eq. (C3) has the same
terms as the right side of Eq. (3). Introduce
w=w,~w,N,=n,y,/wn,,G,=g,y;/0,wn,, and note (1,)

~=0. Equation (C3) then reduces to Egs. (5). The term

(dN,/d}), in Eqgs. (5) is found by integrating Eq. (C3) for
n;=ng. The results are the same as those deduced in Ap-
pendix A.

Thus, the mixing model of Broadwell” corresponds to a
flame sheet model with premixed reactants [the number den-
sity being given by Eq. (C2)], a flame sheet location
Yr=y,—¥;, and a diffusion distance xp, which is evaluated
by consideration of the actual diffusion process. At each axial
station, number densities in the Broadwell model correspond
to average values in the flame-sheet model. The equivalence
requires that the coefficients of n,, in Eq. (3), be independent
of y. Hence, the use of mean rates, at each axial station, is
required in the flame-sheet model for equivalence.
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